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Lecture 1 9/7:

The purpose of this course is to transition to topics of modern relevance in FEM theory. Specifically towards devel-
oping methods that are applicable to PDEs that arise from physics, rather than the basic examples from 2560. As
such, the course topics are primarily focused on developments since the early 2000s, as classical FEM theory ended
sometime in the *90s.

One of the main issues with classical FEM is that those schemes do not often converge to physical solutions,
though they attain provable mathematical convergence. Which is to say that something fundamental is going wrong in
the formulation of these schemes that makes them poorly suited to real-world application as the scheme constructs a
solution correctly, but that solution is not representative of any physical process. One such example is an application
of classical FEM to the Maxwell equations.

As a hint of what might be going wrong, we consider the de Rham complex

grad
H' ——

H(curl) - H1(div) —2 £2
For some PDEs, solutions require more, or less, regularity than the space in which the variational form is posited.
Each space in the complex there leading up to £2 has more or less regularity than the terminal space. Here,

H'(curl) = {v € (£L*)?: V x v € (L3},
for instance. This conception might be useful for problems that involve conservation laws of the form
—dive = f.

Specifically, to discretize that equation, the scheme must be constructed in H*(div).

The purpose here is to build a mathematical theory that leads to provably convergent, stable schemes that are not ad
hoc, which the literature is filled with. For decades, classical FEM has been modified ad hoc for problems to improve
performance, but the point of this course is to focus on the deep mathematical theory going on behind the scenes.

Another example is the Stoke complex that serves as a guide for solving the Stokes equations. When it comes
to solving mass-conserving equations like the incompressible (incomprehensible) Navier-Stokes. This involves a
discretization of the equations governing the pair (u, p) in 4D and the scheme should satisfy point-wise mass conser-
vation, balanced mass and pressure transport. Anyway all of this is to say that the schemes here are intended to solve
physically-relevant problems that classical FEM was incapable of doing.

Now we move on to things of technical substance rather than just a preview. Here, we move past the Lax-Milgram
theorem. As a refresher, given a problem in variational form

u€ X :a(u,v)=Lw) YweV

where X is a Hilbert space, L is bounded and linear, a : X x X — R is bilinear, and is coercive/elliptic, meaning
Ja > 0 : a(v,v) > a||v|[% for all v € X, Lax-Milgram says that there exists a unique solution of the variational
problem. It’s nice, but the problem is that this is rarely applicable in the real world. This isn’t applicable to the Stokes
equation:

—Au+Vp =f
V-u =0
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Letu € H' x H! then
(f,’U): f'U
Q

:/v(—Au+Vp)
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:Z/ Vu; - Vi + O, v;
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:/VU:VU—i-/Vp-v
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:/Vu:va/prL.
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/Vu:Vv—/pdivv:/f-v:O
Q Q Q

forallv € H' x H! and for all ¢ € £2. However, superficially, Lax-Milgram isn’t applicable because there are 2
equations. But of course this can be reformulated as a single equation in the unknown triple (u, p) with the (Stokes)
bilinear form

Now let ¢ € £?, then

and the weak form

B((u,p)(v,q)):/QVu:Vv—/deivv—i—/quivu

L(v,q):/ﬂf’v-

B((u,p), (v,q)) = L(v,q) V(v,q) € H' x H' x L.

and the linear form

Nowe we have the variational problem

The bilinear form is continuous, the linear form is linear, etc... all the conditions seem to be satisfied... except
ellipticity. the LHS can be negative! So Lax-Milgram is not applicable.

Another goodie is that Lax-Milgram doesn’t even apply to simple time-stepping ODEs like ' = f with u(0) = ug
on (0, L). The variational problem for u € H'(0, L) is

L L
/ fv:/ w'v Vv e L2
0 0

The bilinear form is continuous, the linear form is continuous and linear, but Lax-Milgram is not applicable. The test
space £? is different from the trial space H! and ellipticity is again not satisfied.

An even simpler example is
0 1] [wm] [£
-1 0] |uz]|  |f

fv=1v1up —vauy

which has the variational form

and we have B(v,v) = 0. Big sad. This isn’t elliptic either but has a unique solution.
The Stokes problem is actually similar and has a similar skew-symmetric structure to the above: the differential

operator is
-A -V
-V 0
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So, we turn to the main subject of this class. Considering an operator equation Bu = f € Y where X # Y are
Hilbert spaces and B : X — Y is a linear mapping, we want to find necessary and sufficient conditions on B and
X, Y such that a unique solution exists and depends continuously on the data.

Lecture 2 - 9/14:

Here we really move on past the Lax-Milgram theorem. As a motivating reminder, the theorem states that for the
variational problem
ue€ X :a(u,v)=Lv) YweV

where X is a Hilbert space, L is bounded and linear, a : X x X — R is bilinear, and (ellipticity) there exists o > 0
such that a(v, v) > a||v||% for all v € X, there exists a unique solution of the variational problem.
But in general, the problem is as follows. Given X,Y and B : X — Y, under what conditions is the problem

ueX :Bu=feY

uniquely solvable and has continuous dependence on the data, meaning ||u||x < C||f||y. And we want to establish
necessary & sufficient conditions for this. This more general problem includes problems from linear algebra as well.
We first rewrite this in a variational form:

uw€ X : (Bu,v)y = (f,v)y YweY

Suppose Y is a normed linear space with scalar product (., .)y and similarly for X. Furthermore, the blinear form is
B(u,v) = (Bu,v)y forall u € X,v € Y and the lienar form L : Y — Ris L(v) = (f,v)y. We suppose L is linear
and continuous

|[IL(v)| < Aljvl]ly YveY

and B is bilinear and continuous with
B, )| < Mllullx - [[olly  Yue XveY

Unlike Lax-Milgram, allow the test space X to be different from the trial space Y. Also, we can’t meaningfully talk
about ellipticity since X # Y and B(v, v) doesn’t make sense. So, that condition needs to be replaced by others.
From the original problem, we need 2 conditions. First, that for all f € Y there exists at least one u € X such that
Bu = fie
Rg(B)={feY:FueX:Bu=f}=Y

and need unique solutions, so if u, @ € X satisfy Bu = f = B, then Bu — Bi=B(u—4) =0 < u—14=0.
In other words, ker(B) = {0}. This is necessary for unique solvability. These algebraic conditions say nothing
about continuous dependence, and we want metric conditions. Also the problem is that these can’t really be checked
efficiently in practice.

From the continuous dependence side, a necessary condition for continuous dependence is that B is bounded
below, ie there exists & > 0 such that || Bu||y > a|u||x for all w € X, which is similar to ellipticity. If X =Y this
actually is ellipticity.

Choosing v = Bu,

B(u, Bu) o (Bu,v)y . [Bully|lv]ly

Bully = ——F7—< <
1Bully = TBaly <% ol =i Tolly

= [|Bully-

So

Blu,v
IBully > allullx «> sup S
vEY,v#£0 ||UHY

> ollullx YueX

or a more common formulation:
. B(u,v)
inf sup ——— > a >0
uEX,u#0 y ey, v£0 ||UHX||'U||Y

which is the notorious inf-sup condition and is completely equivalent to continuous dependence on given data. In
the case X = Y, if B is elliptic, then this condition is automatically upheld. It also implies algebraic uniqueness.
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However, note that this doesn’t say anything about the range condition since a dimension can always be added to Y’
and the inf-sup condition will always hold.

We claim that the inf-sup condition implies that Rg(B) is closed. It suffices to show thatif { f,,} C Rg(B): f, —
f €Y, then f € Rg(B). Since f,, € Rg(B), then there exists u,, € X : Bu,, = f,, and from the inf-sup condition

1
aHun*um,HX S HB(un*um)HY - Hun*umHX S a”fn*fm”Y —0

So since {f,} is Cauchy, {u,} is Cauchy, and assuming X is a Hilbert space, completeness gives that there exists
u € X such that u,, — u.
Now consider

|Bu— flly <lly <[[Bu— Bually + |[Bun — flly < Cllu—un[lx +|[fn = flly =0

Hence there exists u € X such that Bu = f and so Rg(B) is closed. It remains to get a checkable condition such that
Rg(B) =Y.
Expanding as a direct sum with the orthogonal complement,

Y = Re(B) & Re(B)*

so we need a condition that guarantees Rg(B)+ = {0}. But for any w € X, B(w,v)y = 0if v € Rg(B)*. The
Babuska variant of the subsequent theorem states that for every v € Y\ {0}3w € X : B(w,v) # 0 and this leads to
the Babuska-Banach-Necas theorem, which here is shown for Hilbert spaces, but holds for Banach spaces as well.

Theorem 0.1. Suppose X, Y are Hilbert spaces such that B : X x Y — R is continuous and bilinear, L : ¥ — R is
continuous and linear, there exists o > 0 such that

B(u,v)

sup ———= >allul|lx VueX
vev\{or lvlly

and if v # 0, then sup,,c x B(w,v) > 0, which is equivalent to Rg(B)* = {0}.
With these conditions, there exists a unique u € X such that

B(u,v) = L(v) YveY

and )
l[ull x < —]|L]
o

y*

These are necessary and sufficient conditions, plus they give checkable conditions on B.

To finalize the proof, let L be as above, then by the Riesz representation theorem, there exists f € Y such that
L(v) = (f,v)y forall v € Y with ||f||y = ||L||y~ From the sup condition, there exists u € X : Bu = f. Since
the inf-sup condition implies that ker(B) = {0}, w is unique. Finally, by the inf-sup condition, «||u||x < ||Bully =
1flly = lILlly = llullx < SlIZly--

Now we do an example which cannot be done by Lax-Milgram. Suppose —u' = f on I = (0, 1) with «(0) = 0.
If f is smooth, then a solution exists, but now suppose f € H~!(I), meaning it is very unsmooth, it could even be
the Dirac delta function. Choose v € H*(I), then (f,v) = (—u',v) = u(1)v(1) + (u,v’). Require v(1) = 0 to get
the variational problem B(u,v) = L(v) where u € L*(I) and Y = {v € H'(I) : v(1) = 0}, a closed subspace of
H(I), and hence also a Hilbert space. Here B(u,v) = (u,v’), L(v) = (f,v). The linearity and continuity conditions
are easy to check. The inf-sup condition can be checked with: let u € X = L? be given and choose

Then

B(u,v) _ (uwv') _ el Jlull

lolly— Tllly — llolly = v2
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Since [[o][% = [[v]|* + [[v'[|* = [[v]|* + [Jul|* < 2{[ul|?,
1
v(@)] S/ u(s)lds < (1= 2)|fu] < ||ull = [|v]] < [lull-
T

This also suggests the choice o = 1/+/2.
For the sup condition: let v € Y be given and non-zero, then choose w(z) = v'(x) so B(w,v) = (w,v’) =
|[v[|* > 0. Equality holds if and only if v/ = 0 <= v = 0 since v(0) = 0. But since v # 0, then B(w,v) > 0.
Hence all conditions for BBN are met and there exists a unique solution u € L? that depends continuously on the
data and |[u]| < V/C.

Lecture 3 9/21:
We restate BBN. Given a variational problem to find v € X such that B(u,v) = L(v) for all v € Y where
e XY are Hilbert spaces
e B: X xY — Ris bilinear and continuous
e L :Y — Ris linear and continuous
* SUPyey\ {0} % > Bllullx YueX,8>0
* Forallv € Y \ {0}, sup,,cx B(w,v) >0

These conditions combined imply that there exists a unique w satisfying the variational problem and that the result
depends continuously on the given data: ||u||x < 1/8]||L||y -

When X # Y, the resulting numerical methods are called Petrov methods rather than just Galerkin methods.

We now do an example. Suppose X = R?,Y = R3 and define B : X — Y by

€
Bx = To
I + i)

We ask the question of when the problem Bz = y is solvable. Define
B(z,y) = y" Bas||Ba|* = af + 23 + (a1 + 22)* > a¥ + 23 = [[a]|?
so the inf — sup condition holds ie

B Bx)"(B
o VB2 (Ba)(B)

= = [|Bz|| = ||l2|| = B=1.
0 |yl || Bz||

From undergraduate linear algebra, we know that this problem doesn’t actually have a unique solution, so we expect
the sup condition to fail. In particular, for all y € R3, SUp, cpr2 y?T Bz > 0. Indeed,

yI'Bx = z1(y1 +y3) + 2 (y2 + ys)

is equal to 0 if y; + y3 = y2 + y3 = O for all z. This suggests that the problem is not well-posed and it fails BBN,
which gives necessary and sufficient conditions for the problem. In particular, Rg(B) # Y and specifically is not
solvable whenever y; + y3 = y2 + y3 = 0. Or even more generally,

1
yo | 1
-1

then the problem has no solution. However, we can restore the condition that Rg = Y if we restrict to a subset of Y.
Specifically, choosing
1
Y=SyeR:y" | 1| =0 ={yeR’:y +y>=ys}
-1
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gives unique solvability with B : R? — Y.
A more non-trivial example follows: the wave equation

OPu— Au= f(x), u:[0,T] x Q

subject to u = 0 on [0, T'] x 92 and some other initial conditions. A common simplification is the time harmonic case

with settin
: u(z,t) = e*u(z), k€ R

which gives the problem

—AU-KkKU=F inQ
U=0 on 0N}

This is the Helmholtz equation, is there a unique solution? We transfer to the variational form for u € X = H}(Q):

(Fa U) = (_AUa U) - kQ(Ua U)
= (VU,Vv) — k*(U,v)
= B(u,v) Yv € Hy(Q)
Note that Lax-Milgram is not applicable because of coercivity problems with the —k? coefficient.

Let ¢ € H; \ {0}. Then B(yp, ¢) = |[Vl|* — k?[|]|* < O for

k2 >

as an illustration of the fact that this is not an elliptic problem in all cases.
We can’t immediately expect unique solvability. In fact, a perturbation by an eigenfunction leads to a loss of
uniqueness:
Jp € HY(Q)\ {0} : B(p,v) = 0¥0 € H}(Q).

then
B(p,v) =0 < (V,Vv) =k (p,v)

and corresponds to the PDE
—Ap =k%p

with ¢ = 0 on 0. This means that ¢ is an eigenfunction and k¢ is an eigensolution of —A, meaning no unique
solvability for the original problem. But suppose k? is not an eigenvalue of —A on Hg (2), then does there exist a
solution?

Letv € H}(2) \ {0} and seek a w € H}(Q) : B(w,v) > 0. Suppose this is not possible and that B(w, v) = 0
for all w € H{ (). This happens if and only if (Vw, Vv) — k%(w, v) = 0 which happens if and only if (v, k?) are an
eigenpair for —A, a contradiction. Now we verify the inf — sup condition. The contradiction above implies that there
exists o > 0 such that

B(u,v)
sup

vEHM\{0} V]|

> allullm

for all w € HE(Q). Assume for the sake of contradiction that this is not possible. Let n € N, then there exists
up € Hg () such that
B(un,v 1
sup D) Ly
vEHI\{0} l[v]|mry n
Without loss of generality, assume ||u, ||z = 1 such that

B(u,v) 1
sup @ ———> < —
veri\foy [ullm~ n
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By the Rellich-Kondrashov theorem, there exists a subsequence (which we abuse notation for and label {u,, } again)
such that u,, — ug € L?. Letv € H{} then

‘B(un,v) 1
—_— < —
ol | n
So the sequence
B(un,
(wnv)
[[ol] &

asn — oo for all v € Hi(£2). Then
B(tn,v) = (Vtn, Vo) — k2 (tn, v) = (un, —Av — k?0)

forall v € C§° because we need more regularity and u,, — ug while —Av—k?v € C§°. Then applying a distributional
derivative Vuy,
B(un,v) = (ug, Av — k*v) = (Vug, Vo) — k*(ug, v).

Now we have that u satisfies Vug, Vv) — k% (ug, v) = 0 for all v € C§° if and only if ug, —k? is an eigensolution for
—Au, but this contradicts the original assumption, so it follows that ug = 0.
Now choose v = u,,, then
B(uy,v 1 1
sup DU L g, )] = (190l 2 K2l 2] < 2
veHA\{0} [[v]| 1 n n

from which it follows that ||ug||? = 0 and therefore ||uy,|| 71 — 0, which contradicts the assumption that |[u,, ||z = 1.

This is an example of a typical compactness-type argument in the literature. Here we summarize the result.
Suppose k? is not an eigenvalue of —A, then for all f € H~1(£), there exists a unique solution u € H{(£2) such
that (Vu, Vo) — k?(u,v) = F(v) for all v € H}(Q) and it depends continuously on the data in the sense that
lullgy < CllH| -1

If k2 is an eigenvalue, the solution is not unique up to addition of the corresponding eigenfunction.

We now consider an extension of these results. Specifically, we consider the adjoint problem for the original
variational problem. Namely, to find a v € Y such that

B(u,v) = L(u)
for all u € X where L is bounded. We conjecture that
B(u,v
* 38> 0:supyey oy : Tt > Bllullx
* SUp,ex\ o} Blu,v) > 0¥ € Y\ {0}

together imply
B
sup (u,v)

> Bllvlly YoeY
zeXx\{0} ||| x

We claim that there is automatic well-posedness of the adjoint problem from BBN. To prove this, let v € Y \ {0}
and define a linear functional L : Y — R by L(w) = (v,w)y forw € Y and ||L||y~ = ||v||y. Well-posedness of
the original problem and continuous dependence imply that ||u|x < %||L| ye < %HUHY and u # 0 because L # 0
Particularly,

B(u,v vl|? Bllv||?
() _ IRl Al g

lullx ullx — [lvlly

So there is no real asymmetry in conditions and the theorem applies equally well to the adjoint problem. In particular,

B(u,v)

sup > Bllvlly
wex\(oy lullx
and B
38 >0: sup (u, v) > Bllullx >0

vev\{oy [vlly

are the same result.
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Lecture 4 9/28:

The variational form leads us to question the convenience of using BBN. We do several derivations for the Stokes
equations, Darcy flow, and the reduced Maxwell equation for magnetostatics to show that all these problems reduce to
the mixed form

U,(U,, U) + b(U,p) = (f’ U)V
b(u, q) = (9,9)m

forall (v,q) € X =V x M. We now want to find simpler conditions to check for well-posedness of this problem.
The Brezzi theory determines when the mixed form is well-posed but is really a rehash of BBN. In the above mixed
form, we collapse to a single problem with

B((u,p), (v,q)) = a(u,v) + b(v,p) + b(u,q), L(v,q) = (f,v)v +(9:9)m

where B and L are continuous and (bi)linear if and only if a(-, -), b(-, -) are bilinear and continuous. Also by Cauchy-
Schwarz,

IL(v, @)l < [[fllv - [lollv + llgllar - llallv < C(f q) - [I(v, )] x-

The sup condition is equivalent to

0< sup B(u,p,0,q) = sup B(u,q)
(u,p)eX ueV

Choosing © = 0 in the inf-sup condition, we have the Babuska-Brezzi condition

b(v,p
Blipl < sup 22
vev\{oy l[vllv

Originally, this was posed with V-ellipticity on a(-, -) as well. But, to reduce the assumptions on that form, consider
the subspace

Vo={veV:bvq)=0WgeM}CV

so Vj is the kernel of the bilinear form v + b(v, ¢). This suggests the assumption a(v,v) > al|v|[3, for all v € Vj.
So a should be elliptic on the kernel of b. Also, V} is a closed subspace since b is continuous and we can decompose
V =V, @ Vg'. Letting v = vy + ¥, we have

ol = [lvol % + [[3]1F

s0 b(v, q) = b(?, ¢). From which BBN simplies to

=

U7
Blipllw < sup 2P
vev\io} |[vllv

_ b(v, q)

= Ssup —

vo+570 \/||0|[3,
"

_ s M09

sevnoy 101V
so to conclude, we have these conditions:

sup b(i,q) >0 VYqe M\ {0}
aev

veV:bv,q) =1 VYgeM

which give conditions on the problem ¢ € M : b(w, q) = I(w) is solvable by standard BBN.
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Lecture 5 8/5:

An additional comment to be made on mixed-order/saddle-point form problems is that the second equation can be
considered to be a constrained. In essence, the mixed form can be thought of as quadratic functional minimization
against a linear constraint.

After a similar reconsideration of the BBN conditions and the mixed-form decomposition, we turn to stating
Brezzi’s 1974 theorem as follows. Suppose a : V x V — R, b : V x M — R are continuous and bilinear where V'
and M are Hilbert. Suppose there exists 5 > 0 such that

b(v,q)
sup
veV\{0} HU”V

> Bllallar Vg e M

and there exists an « > 0 such that

sup  AL0:10) v
wevor{o} |lvollv

where
Vo={veV:bl,q) =0 Vge M}

which in other words means that a is elliptic on the kernel of b. Finally, suppose

sup a(ug,vp) >0 Yug € Vp\ {0}

up€Vp
then there exists a unique solution (u,p) € V' x M to the problem
a(u7 U) + b(U,p) = (f7 U)V
b(u7 Q) = (gv q)M

for all (v,q) € V x M and it depends continuously on || ||, + ||g||a-
To prove this, we need only check the inf-sup condition for B. Let (u, p) € V x M be given. Construct (v, ¢) and
observe that

a(uo, vo) + a(uo, ) + a(ii, vo) + a(@, d) + b(d, q) + b(d, p) > |luol[3 + [[&/[F + [Ip|I3;-

By inf-sup there exists a & € V such that b(d,q) = (p,q)m for all ¢ € M. Hence b(,p) = ||p||3;. Now since
a: Vo x Vo — R satisfies BBN, there exists a vy € V{ such that

a(wo,vo) + a(wp, 0) = (ug,wp) Ywg € Wy
with 1
[lvollv < Flllwollv + Ca/BlIpllar]
Using the inf-sup again, there exists a ¢ € M such that
a(,vo) + a(w, d) + b(w, q) = (4, @)y Vi€V
with
lallar < 5lldlly + Caloollv + Callly)
< C(B, Ca)llluollv + llallv + [1plla]
< V208, Ca)ll(w, p)l[v s
which implies
B(u,p,v,q) = |luol[{ + [[all} + [lpll3; = |I(w, p)llvar - éll(vvq)llvw
from which it follows that

B(u7 p’ ,U’ q)
sup

1
> =, p)|lvxns
(v,9) €V XM H(U7q)HV><M C x

and the sup condition is similar.
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Lecture 6 10/12:

We now discuss the Galerkin approximation of variational problems, not necessarily being constrained to the elliptic
case. As an example, consider

—u' =f onl=(0,1)
u(0) =0

which admits two variational forms:
e (Hue Xy =Lo(I): (u,v') = (f,v) forallv € Yy = {v e H(I) : v(1) = 0}
s QueXo={we H(I): w0)=0}:(—u,v) = (f,v) forallv € Yo = Lyo(I).

The two bilinear forms are adjoints to each other. In the following, we work with the variational formulation (1).
Construct a Galekin subspace X7 C X and subdivide I into uniform elements to get Y;* C Y; where the subdivision
is of width h > 0.

Choose

XM = {wy, € X; : wy, is continuous and piecewise linear}

and
Y]" = {v, € Y : is continuous and piecewise linear, v, (1) = 0}

The Galerkin scheme is to solve
up € X2 (up,v') = (f,v) Ywev]

One key observation to make here is that this problem is not self-adjoint. The above leads to a rectangular matrix
system because
dim X" = dim Y + 1

and thus we do not expect for this problem to have a unique solution. Concretely, defining w;, € X as a sawtooth
oscillating function, (wp,v;,) = 0 has a vanishing average on each element. However, there are no other linearly
independent alternatives, so adding this up to a constant gives non-unique solutions. And since there is non-uniqueness
of solutions, an implementation of this will not have convergence numerically either. This is due ot a failure of the
inf-sup condition, ie
By (wy)
Al

=0.
Using piecewise linears again for (2),

X = {v e Xy :vpw linear}
Ys = {v € Y5 : v pw linear}

where dim X% = dim YJ* — 1. There is no existence of a solution due to dimension mismatch here. This is because
of a failure on the sup condition, ie range(B) # Y.

This leads to the consideration of the trade off of choosing spaces in such a way that they respect BBN and
specifically the sup and inf-sup conditions. Making X, smaller increases the stability of the numerical method but
also makes the range smaller and at a certain point, u;, might not just exist at all. On the other hand, making Y} bigger
increases the constant (3, in the inf-sup condition, which improves stability,

So suppose we try

X! = {x € X; : discontinuous pw constants }

Ylh ={v €Y] : cts piecewise linears }
then recall u € L2, we seek v such that
B(u,v
M > B|ul|x
[[vlly

and
B(u,v) = (u,v") > B[ul| - [|v'|]
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so in particular, vj, = wyp, which implies the choice v(z) = — fwl u(s)ds. We would like to discretize this problem,
but there’s no clear way to discretize L?. However, note that this scheme is well posed because dim X f is the number
of elements and dim Y}" is 1 minus the number of nodes because of the constraint Y (1) = 0 and hence is equal to

dim X7
We call a scheme uniformly stable in A if and only if there exists 8 > 0 such that 5, > ( for all h > 0. In this
particular case, from the inf-sup condition, letting u;, € X} be given and choose v;, € Y{* then vy, (z) = — fxl up(s)ds,
then
B 2
(uh7vh) _ ||ufj|| :||uh” — 6h:1 vh
[vnlly 1A

so we have shown that this scheme is uniformly stable. We can also show that this scheme is well-posed from the sup
condition. Letting v, € Y{* be non-zero, choose uy, = vj, € X7, then

B(un, vn) = [[v;|* > 0.
For accuracy and convergence, we need a generalized Cea’s lemma that will give
[lu —upl| < |lu—ovpl] Vop € Xp

for symmetric elliptic problems, which motivates the Babuska-Aziz approximation.
Consider v € X : B(u,v) = L(v) for all v € Y where B is bilinear and continuous, L is linear and continuous
and assume v exists and is unique. Now let X;, C X and Y}, C Y be finite dimensional subspaces such that
* 38, > 0 such that
B(un, vn)

sup  ————= > Byllunl] Vu, € X,
wnevifor  ||vnlly

s forall v, € Y}, \ {0}, sup,, cx, B(wn,vn) >0

Then there exists a unique up, € X}, such that B(up, v,) = L(vy) for all vy, € Y}, and

C .
o= unlls < (1+ 52 ) =l

for all uy, € X,.
Since X}, C X,Y}, C Y, B and L are linear and continuous. Thus there exists Cz > 0 such that

|B(u,v)| < Cgllullx - [[vlly  Vu € Xp,vel
From the given conditions, BBn says uy, exists and is unique. Let @, € X}. Then

1 B —
lun — nlx < —— sup B(un = @n, vn)
Bhooneve  lly

Then taking B(uj, — Up,vy) = B(u — tp, vp), we have
- C -
llun — anllx < =2{lu— dn[x
Bn

and by triangle inequality

) ) Cs )
llu —un|lx < ||u—dn|lx + [|in —un|[x < [ 1+ B |Ju — tn || x

As the model problem, let B(u,v) = (u,v") where X}, are piecewise constants and Y} are piecewise linears. We
showed that Cj is a constant and 3, = 1. It remains to estimate ||u — @|| 2 where @y, is a piecewise constant. We
take averages to approximate constants. Choose

S 1
Up ¢ Uplr, = E/ u(s)ds
1y
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then by Poincare ||u — |7, < Chy|u'||;; and so

llu— anlfe = D [lu—anlf7,

1;

<o R
I

<CR* Y I,
h;

= Cn?|Ju'|?
80 ||lu — @p||z2 < Chl[u’|| provided u € H!. Here, C depends on C,,, Cj, Cj,.

Another example is an extension of this to saddle-point problems Consider the problem of finding (u,p) € V x M
such that

a(u,v) +b(v,p) = (f,v) YveV
b(u,q) = (9,9) Vge M

and assume conditions of well-posedness. Choose V;, C V and M;, C M and apprximate using a Galekin scheme,
which amounts to solving the problem

a(un,vn) +b(vp, pr) = (f,vn) Yon € Vi
b(un,qn) = (9,qn) Yan € My,

We are curious about finding the conditions under which this scheme is well-posed. Define the discrete kernel V{* =
{v € Vj, : b(v,q) = 0¥q € My}. Note that V{* is not a subspace of V; in general! It’s simple to check the Brezzi
conditions and collapsing to a big bilinear form, that BBN conditions are met. We have that the Galerkin approximation
of the saddle point problem admits a unique approximation (up,py) € Vi, x M}, and

||(u,p) - (uhvph)HVXM < C(ﬁh’cﬁacaa T )||(uap) - (ﬁhvﬁh)HVXM
for all (tp,pr) € Vi, X M.

As another example, we do Stokes flow on R!. Assume u = [ 0

} is univariate flow that is governed by

/

—eu" +p" = fonl=(0,1)
u =g

subject to the initial values u(0) = u(1l) = 0. The corresponding saddle point formulation is to find (u,p) €
H} x L?/R where the quotient is to enforce an average value of 0.

Choose V, to consists of continuous piece wise linears from H} and M), as piecewise constants from L?/R in
order to satisfy the inf-sup condition on b(v,p) = (v/,p). In a similar way to the previous example, 8;, = 1. Then
notices that V' = {vj, € Vi, : b(vn, qn) =0 Vg, € My} = {0}, so we get trivial ellipticity on the kernel.

Thus the scheme is well-posed and uniformly stable. We also have that

[1(w, p) — (uns p)llvsar < Cll(w, p) = (@n, Bo)llv s
if and only if
lu —wnllgr + [lp = pallez < Cllw — @nl[gr + [lp — Dnll L2}

which leads to the concept of pressure-robust schemes where pressure accuracies do not affect velocity accuracies.
Now choose w4y, that are piecewise linear interpolants of u at nodes and p;, are piecewise constant averages of p on

elements. Then
Dh = /ﬁhz /pz/pZO
[ n- )]

for all p € L?/R. Thus pj, € M. We have already shown that ||p — pp|| < Ch||p||g and ||u — @n|| g1 < Chl|ul|g2-
Hence

lw = wnller + |lp = prllz < Ch{[lulla + lplla}-
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Lecture 7 10/19:

We now consider mixed finite element methods for second order elliptic equations in general. But here we limit
ourselves to —Au = fin Q,u = 0on dQ and f € L?(Q).
The primal mixed form goes as follows. Let o = grad u so —dive = f in Q, then for (,v) € L?(2) x H(Q),

(o,7) — (r,gradu) =0
—(o,gradv) = —(f,v)

Here, the term “mixed” is used in the sense that there are mixed unknowns. Let a(7,0) = (1, 0),b(7,v) = — (7, grad v)
and V = L2(2)% x M with M = H}(Q). It can be shown that the Brezzi conditions are satisfied with constant 3 = 1
and so this problem is well-posed. We discretize this and for a partition P, choosing the subspaces

Vh = {T S LQ(Q)d : T|k S Ph(k‘)d}
M, = {U S Hol(Q) : ’U|k- S P}H_l(k’)}

for every element k € Pj,. Check that the discrete inf-sup condition holds with 5, = 1. By Babuska-Aziz,
lu = unllgz + llo = onllL2@ye < ChM[ullgnirq), ue H ().

This scheme is apparently unfavorable in applications, as will be seen in the homework. Instead, we consider a scheme
that is used in practice — the Dual mixed form.
Let u = grad u, so —dive = f in Q. Now let 7 € L?(2)¢ and thus by integration by parts,

0= (o,7)+ (u,divr)

provided divr € L2(2). Furthermore, for v € L?(Q), —(f,v) = (divo,v). This suggests the alternative mixed
scheme to find (o, u) € V' x M such that

a(o,7) + b(r,u) =0
b(U’ U) = _(fa v)

where a(o,7) = (0,7),b(r,v) = (divr,v). This formulation is much more popular than the primal form before
because the primary variable of interest is the flux o, rather than u and the physics is based on a conservation law, here
—dive = f in . As a reminder, given a domain w the rate of production of material is fw fdx and the rate of flow of
material across the boundary dw is |, 5, T - 0ds. Then conservation of mass is given by

02/fdx—|—/ u - ods
w ow
:/(f+divo)dx Yw € Q.

This implies —dive = f in ). Thus the dual mixed form has this physics included inherently.
Choose w € (2 and let
1
v={ Y em
0 Q\w

Then from the formulation, b(o,v) = —(f,v) and

/awn-a:/wdiva:—/wf

so the dual mixed form embodies mass conservation, as claimed.
When constructing the Galerkin approximation, My, C M : M = {v € M :v|, € Py(k)},

b(on,vn) = —(f,vn) Vo € My,



Ainsworth Fall 22 APMA2570B Page 14 of 29

set

- 1 ke P,
"“ o Q\k

which implies mass conservation on each element. But how do we choose V' for dual mixed schemes? If we choose
V = H' ()¢ (which implies using continuous piecewise linears), then 7 € Y = 7 € L?(Q)? and divr € L?(f2)
which implies a, b are continuous and bilinear. For inf-sup, let v € L?(Q) be non-zero. We want b(7,v) = (divr, v) >
BlIvl| - |7]| g1 ()2 We want dive = v and

. 1
7l @)« < Cllvllee = (divr,v) = |[of|* = |lol| Il

We can use the Helmholtz decomposition 7 = — grad ¢, = divgrad ¢ = v which gives a Poisson problem over §)
with Ap = v and ¢ = 0 on 9. The regular results for Poisson problems imply that if 2 is convex, then ¢ € H? (if
not, then 2 can be extended to a convex domain and setting ¢ = 0 outside) and also ||¢|| gz < C||v||L2 (this follows
from elliptic regularity). Next choose 7 = — grad ¢ € H'(Q)? with

7151 @) = [l grad ¢l g1 (qye < Cllellmr2@) < éHUHLQ(Q)

and divr = v in Q. Hence b(7, v) = (divr,v) = [|v||2. > |[v||r22]|7|| g1 (0)e. This implies that

b(r,v) 1
sup  ———— = —|[v][r2
0£TEH (Q)4 [Tl — C

so the inf-sup condition holds. Also a(c,7) = (o, T) is positive definite.

However, consider the Poisson problem on the three-quarter circle with 0 boundary conditions and f € L?().
The solution is u(r, §) = (r2/3 —r5/3)sin2/30. Then o = gradu ~ r~/3 € L?(Q)% but o ¢ H*(Q)?. The problem
with this counter example is that the ellipticity wasn’t checked on the kernel. Specifically,

Vo = {r € H'(Q): (divr,v) = 0} = curl H?

in two dimensions.

The general problem here is that the norm on H'! is too strong and so we cannot choose something from H!(Q),
but using L2(£2)? leads to a norm that is too weak because b(-, -) is no longer continuous... To remedy this situation,
choose

V = H(div) = {7 € L*(Q)¢ : divr € L*(Q)

where the norm is defined by
1712 aiy = 171172 + [1divr |72

In this space, b is continuous and bilinear, satisfies the inf-sup condition as
Il vy < l7lla < Clloflze

where the proof is identical to before. It also satisfies ellipticity on the kernel - there exists & > 0 such that a(7,7) >
aHTH?{(div) for all 7 € Vj where

Vo = {7 € H(div) : (divr,v) = OVv € L?} = {7 € H(div) : divt = 0}

s0 [|7]| (aiv) = ||7|| 2 for all 7 € Vi, which implies ov = 1, so there is no degeneration under a at all!

Now the question becomes how to discretize H (div, £2). We show a preliminary lemma. Let 7 € H(divy, I' C Q
be any subsurface/submanifold. Then [n - 7] = 0 on I, which intuitively means that the normal components from
one side of the boundary cancel out with the normal components on the other side of the boundary. To show this, let
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B C Qbe any ball, v € H}(B) and suppose I separates B into B_, B;. Let 7. = 7|p,,7— = 7|5_. Then

/ 'U’fl,+ . T+d8 = / ’U’fl+ . T+d8
I'nB4 0By

= V- (vry)dz
By

:/ vV .14 +gradv - 74
By

<lle2syy - IV - T llee + Vol - 174 llBs
< |llar sy - 1Tl H@iv, By )

by using Cauchy-Schwarz twice. Since we are assuming 7 € H(div, B), the above quantity is finite. Similarly,
Jrap. vn— - T_ds is well-defined. Hence,

/FmBu.[n.T]ds/B+v.(w+)+/ V- (or)

:/BV-(UT):/aB(n~7')v:O
because v € H}(B).

A key remark is to think of [n - 7] in terms of the integral above rather than a pointwise evaluation. Also this jump
condition is related to mass conservation |, 5w 0 = 0 by thinking about the normal components of flow in and out of
any boundary being equivalent, eg mass conservation. Specifically,

/ N-T = NgTy + NyTy.
ow

Lecture 8 10/26:

We move towards discretization schemes of H (div). Recall last time we showed the following lemma.
Let 7 € H(div) and I" C 2 be any surface, then

[ln- 7] =0

on I'. This means that the tangential components can nbe discontinuous but the normal components are enforced to
be continuous. In particular, one can’t consider trace operators in this case, but normal components of the trace can be
considered successfully. In proving this, we showed that

/ vn - 7ds
Q

is well-defined for all v € Hg(B). In particular, the above gives the exact sense in which n - 7 is well-defined (in a
weak sense, since point-wise evaluations are not possible).

When it comes to choosing the spaces from which functions are used in the approximation, note that both compo-
nents (normal and tangential) of H' functions are continuous and in particular, that an interpolation via functions in
H?' does not lend itself well to interpolating functions with potentially discontinuous tangential components.

Another note is that n - 7 must be continuous between neighboring elements. In particular, that n7 must be
continuous across common faces or edges. Moreover, a discretization of H (div) only requires continuity on edges, but
not on vertices of a mesh, which implies tangential component continuity. This suggests that the degrees of freedom
should be as

T>—>/n-7'd3 Vv C 0K
v

ie the Oth moments of n - 7 on edges, for sufficiently smooth 7, in a sense that will be shown later.
Recall that unisolvence requires that the number of degrees of freedom is equal to the degree of the interpolating
space. We are expecting vector-valued functions to be performing the interpolation since H (div) consists of vector
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fields. Using triangles in the mesh, since each element has 3 degrees of freedom, the interpolating space must be of
dimension 3, but note that Py x Py has dimension 2 while P; x P; has degree 6. For a tetrahedral mesh, which has
4 degrees of freedom, we have an even worse problem since Py x Py x Py has dimension 3 while P; x P; x [P; has
dimension 64. What’s more, the degree for spaces must also be symmetric across components. So, to summarize, the
interpolating space must satisfy the following criteria:

e it is vector-valued
« the dimension is d + 1 over R?

* it is unisolvent with respect to
T»—>/n-rds Vv C 0K
vy

* and it must approximate H (div)

Also as a sidenote, the degree of the moment corresponds to the degree of approximability of the chosen space. The
space that solves these problems is given by the 0 Raviart-Thomas space:

RT, = P @ zPy

The k-th space is given by ]P’z @ xPj, with the corresponding multiplier space given by the divergence of this, ie Py.
Now we check the conditions of the space.
For unisolvence, can we construct a basis for RT( which is Lagrange with respect to degrees of freedom? ie

1 ify=+

: v is an edge/face} : — n- @ ds =
{oy 17 g } iy L P~y {0 olse

The answer is yes, with the choice
1
Py = m(x — Ty)
where d is the dimension and | K| is the measure of a particular element K. Note that

L oify#9
T - =
vy 0 else

because ¢., is tangential to 4’. This can also be thought of as the projection of x., onto ~, which has a constant normal
component. In other words, n., - ¢, = dist(x., ), which is constant on -y, and so

vl
Ny - pyds = dist(z,v) =1
[y vy Y d|k| Y

We now give a more general definition of the Raviart-Thomas element of degree 0. It is given by RTy = (K, X, P)
where K is a simplex in d dimensions,

Y= {T — /n -7ds 'V subsimplices of dimension d — 1}
2l

and P = P¢ @ 2Py which has the basis given by
1
Py = M(m — )

which are linearly independent. We claim this triple forms a finite element. From the above discussion, it remains to
show unisolvence.
Let 0 € P and write 0 = ) ¢,¢., then

/n-adSZO = cy=0
¥
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Now does this generate an H (div)-conforming space on a mesh? Ie do we get [|n - o|] = 0 across faces? Orienting
all edges in code for interface between elements, otherwise there is direction disagreement on interfaces, meaning if
two elements are adjacent to one another, one should get a value of c,, while the other gets —c,. Changing the sign of a
negatively-oriented edge corresponds to changing the sign of the basis function. This means the global basis functions
are obtained by flipping signs on elements where -y is negatively-oriented.

Let’s go back to the dual mixed form. We seek (0, up) € V;ET x M}, such that

(oh,mh) + (divrp,up) =0
(divon,vn) = —(f, vn)
for all (75,,v) € Vif*T x M), where
VR — {¢? : v € edges of Ty, }
My, ={vy, € L*(Q) : vp|p € Po(k)VK € Ty}
where the latter is chosen to satisfy Brezzi’s theorem. Does this scheme satisfy the inf-sup condition with 5, > 5 > 0

ie is it stable? And can we quantify the accuracy of the resulting approximation?
Let o € H(div, Q) be sufficiently smooth such that

J»—)/n-ods
Y

for all v which are edges and faces, is well-defined. Define the Raviart-Thomas interpolants

IIrro € RTy : /

n~HRT0ds:/n-JV'y
y

v

since we have a basis,

Hpr = Z C’yﬁaff
v

cq,:/nwfds.
¥

Alternatively, we can restrict to a single element k£ and define an element-level interpolant:

g (x) = Z Cyoy(x)

YCOK

where

where )
= [ n-o,p,=—(r—x,).
vy /y vy d|k| ol

We now prove some useful properties of Raviart-Thomas elements.

e For+' C 0K,
/n'HRTO':/TL~O'
’Y/ ’Y,

and hence Il o IIgp = Il iy, in other words, it is a projection.

o divllgro|x =D, Scog divioy |k ﬁ/ n - ods. In particular, the divergence of the Raviart-Thomas basis functions
is independent of = and is the same for all . This can be expanded further:

1
divllgro|x = Z |k/’|/n‘ad5
v

yCOk
1

IRl Jo

1/ .
= — divo
|kl Jx

= Ilpdive

ng - ods
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where Tl : L?(k) — Py is the average value, ie is the L? projection. In other words, we have div(Ilgro) =
ITy(divo) and thus we have the following commutative diagram:

H(div, k) — L2(k)

bl

RT, — % P,

 There exists a constant C' > 0 independent of h (the width of elements) such that

[[Herollx < C{llollx + he||Vol|x}-

/n-ads
¥

To show this, let o € H'(k)<. Then

< hl / (n- 0)%ds

< - llollZa

which implies that

Z‘/nwrds
5 Iy

< Z|7‘1/2||0HL2(7)
v

. (;w)m (z ||o|%zm>1/2

S
= |8k|1/2|\0||L2(8K)

where we have used the Cauchy-Schwarz inequality. This gives a version of the trace theorem. Let p(x) = z—x
where zy, is the centroid of element & such that the following hold

- divp(z) =d
— ny - f > chy (shape regularity of triangles - excludes degenerate cases)
- |p(x)| < hy forall x € k.

Then

S d||(71||i +2hk/ |V(71| -01
k

<d||o1||2 + 2hkl|o1| |k - || Vol
< Ollo e (lloa]lk + bl Vor|lk)?

This implies that
Challol3, < Clllowllk + hel[Voull)?

/n-ads
.

and consequently
10k
I

by

yCOk

<C {llollk + helIVolle}
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from which it follows that

|[Mrrol| < Z n- okl |loyllk
~COk 'Y
and since
chi|k|?  chy
q Ik < = 1n1/2
|k| ||
it follows that
Chy, ||0k|

|Mgrol] < ——(llollx +1[Vallx)

VIRV b

d—1)/2 d/2
|9K|Y/2 ~ h{D2 (k| ~ By

we also have the estimates

SO
[[Hrroll < C(llo[lx + hel|Vollx)-
Lecture 9 11/2:

We start with a review of Raviart-Thomas elements. After reviewing the definition of the local basis functions, we go
to the globally defined basis functions for d = 2. If we have two adjacent elements L and R in d = 2, to ensure that
normal components are equal (and orienting correctly), we have that

o = ﬁ(m—mL) onL
K ﬁ(ft*l’}%) on R

in particular, in this way, basis functions are supported on pairs of elements now. In addition to the 3 properties of RT
elements shown in the previous lecture, we prove the following: there exists C' > 0 independent of i such that for all
oc HY(k)4,

[div(ILpro)| i < Cldivo]|x

From the commutative diagram property,
[div(ILazo)| i = |[Mo(dive)| s < [[divo]|x

in particular, this shows that RT interpolants are projectors (an idempotent operator on a Hilbert space is a projector if
and only if it has a norm of 1). But we had also seen that

M7l gy < Cllol] g @)

We also give an approximation property of RTy. In particular, ITz7 reproduces some polynomials. Let p € P4 be
arbitrary, then Il prp = p. To see this,

p:ZC'ySD’y:ZQD’y/n’T'y:HRTP
v

For o € H'(K)%, we have

llo —rrollx = ||(c —p) —rr(c —p)||x
<o = pllx + [[ITrr (0 — p)||x
<|lo = pllx + C{llo —pllx + h&l|V(e —p)l|x}

Now choose p = |qu f e odr € Pg and using Poincare, we obtain

llo = pllx < Chy[|Vollx
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and hence
llo — Hrro||x < Chil||Vol|k-

So these are good approximators in L2.
Next, consider div(c — IIgro) = dive — Ipdivo and so

[|div(c — Ilgro)|| = ||dive — Iydivol|

e ldive —
inf [|dive — c||x

S ChK‘d1V0'|H1(K)

Hence, summing across all £ € Py, we have

1/2
|lo = grol| < < > ||0HRTU||§<>

KePp,

1/2
e (z hi|w||%p(m>

kePy
< Ch||Vollm (o

and similarly,

1/2
||div(o — Ilgro)|lo = (Z ||div(o — HRTU)H%)

kePy,
< Ch|diV(T|H1(Q) .

Combining these, we have
llo = rro|m@v) < Ch{lolm (o) + |divo|mi o)}

[no
~
is well defined for all o € H'(K)¢.
We now consider an application to a dual mixed form problem. We are given the continuous problem to find
(o,u) € H(div; Q) x L?(Q) such that

Also a key fact is that

(o,7) + (divr,u) =0
(diVCT, 'U) = 7(f7 U)

forall (7,v) € H(div)x L?(£2). The associated RT x Py scheme has the same problem just with V;, x M}, = RTyxP.
We start by showing that this scheme satisfies the Brezzi conditions. Ellipticity on the kernel

VO = {m, € Vi, : (divry,,vp) =0 Yo, € My}

But ellipticity follows by choosing v;, = divr, € Mj,. In particular, a(7y,,7,) = ||m||? = \|Th||fq(div) forall 7, € V}V.
For the discrete inf-sup condition, let v, € M}, be piecewise constant and we want to show that there exists

oy € V3 such that
divoy, vy,
(e o0) 5 G|
llonl 1 aiv)
Arguing as in the continuous case, let ¢ € H}(Q) : —A¢p = vy, in Q (where we assume €2 is convex, by an extension
of domain if necessary). So p € H?(Q) and let 0 = —grad¢ € H*(Q) with ||o||z1 < C|lp||lgz < Cllop||z2. So
o € H'(Q) with ||o||g1(0) < C||vnl|L2(0)- This means that ITz7o is well-defined, so choose this. And moreover,
since we are dealing with constant functions, we can remove projection operators so

(divIlgro, v,) = (lgdive, vy,) = (dive, vy) = (vp,vp) = ||vh|\%2.
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In addition, ||IIr70|| g aiv) < Cllo||a1() < C||va||r> and hence

(divoy, vp) ||vn|7
llonllm@vy — Cllvallc:

~ ol
= — ||V
¢!l
and so inf-sup holds. Finally, by Brezzi there exists a unique solution (o, uy) and they satisfy the following error

estimate:

llo = ol g + [l = unllz2 < C{llo = Trroll iy + lu — Houl 2}
< Ch{|o| g + |dive| g + ||V||z2}
< Ch{[ull2 + [If]]mm}

We then set-up a mixed FEM scheme for Stokes flow given by

—Au+gradp = f
divu =0

in Q and v = 0 on 0. wu is the velocity field, p is the pressure. To make p unique, we require the condition
Jo p(z)dz = 0. We choose the variational form

(vuv V’U) - (diV'U,p) = (f,U)
—(divu,q) =0

for all (v,q) € V x M where
V={ve H'(Q)?:v=00n00} = H}(Q)?
M:{qeLQ(Q):/qzo}
Q

We show that this is well-posed. Assume f € L*(Q)¢ and we know that V, M are Hilbert spaces. Let
Vo={veV:(divv,q) =0 VYge L*(Q)}={veV : divv=0}

But a(-, ) is elliptic on H}(€2)? and so in particular on V;. The inf-sup condition can also be shown. There exists
v € V such that if {2 is bounded and connected, then divo = ¢ in 2 and ||v||y < C|g||as. Which implies inf-sup

(diVU’Q)Z |lqlI3, >
[v]lv Cllgllar

Llial
C(JM

which is the sense of div having a continuous right inverse.

Lecture 10 11/9

We go back to analyzing Stokes flow given by

—Au+Vp =f
divu =0

subject to u = 0 on 02 and we impose the compatibility condition fQ pdx = 0. The mixed variational form of this is

solving for (u,p) € V x M for

{(Vu, Vo) — (dive,p) = (f,v)
—(divu,q) =0

forall (v,q) € V x M where V = Hg(Q)?, M = {q € L*(Q) : [,q = 0} = L*>\R. This is well-posed if the inf-sup
condition holds. etc etc... Suppose we choose a triangular partition with degrees of freedom at vertices by doing H*
interpolation with

Vh:{UEVIU|k€P1XP1 VkePh}
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and for L2 interpolation, choose
My={qe M:q|p€Py VkeP,}

where we recall P, = span{1,z, y}. This is a classical P? — P elements. We start with a dimension count. dim V}, =
2v7 where vy is the number of interior vertices on the mesh while dim M}, = t— 1 where ¢ is the number of elements in
the partition. Adding an interior vertex increases vy by 1 while increasing ¢ by 2. Adding a boundary vertex increases
vp by 1 while increasing ¢ by 1. This suggests that ¢ — 2v; — vp is constant. In particular, t — vy — v = —2 (maybe
this has something to with Euler characteristics!). But dim M}, =t — 1 = 2v; + vg — 3 = dim vy + (vy — 3) where
the last term is positive if ¢ > 1 (trivial). This implies that

dim My, > dim V;, > dim divVj,.

The method is not stable.

The previous suggests that considering degrees of freedom at vertices is not the best idea. So let’s consider degrees
of freedom at edges. In this case, dim My =t —1whiledim V), =e; =e—vp =v+t—2—vp=v;+t—2>t—1
for vy > 1. Here e is the number of interior edges. This is a potentially stable method, but is probably a bad idea since
Vi, C V = H} and RTy is for H(div) which means there are only constrains on the normal components between
edges.However, making RTj continuous means that V;, = {0}. If we try again by choosing V}, = PFF x PFE,
M, = P, (this forms the Crouszeix-Raviart element) tat requires continuity at midpoints of edges rather than at
vertices, we get a non-confirming element, as dim V,°F = 2¢;, dim M}, = t — 1 and dim V,°F > dim M}, for V; > 1.
We could relax the conforming condition and make a compromise by not requiring that V, C V.

We go through some of the properties of Crouzeix-Raviart elements. By choosing the degrees of freedom at
midpoints of a triangular elements, the usual barycentric argument gives the basis functions

{pi} ={1-2X\1,1 -2, 1 —2X3}

which are in ;. We also have that (by defining ~; as the edges of the triangle),

1
W / ga.yds = 5'}")’/'
,y/

We also have ||V¢,|| ~ C independent of h. The CR interpolant corresponds to the degrees of freedom

Hi/vds Yo C OK
vl /sy

1
ey = Z Oy <M/7vds)

YCOK

and so

We get continuity across elements at the midpoints of edges and have the following relation

|‘/H Ryds = —|/Uds

(something something Marini equivalence between CR and RT elements) We give a few more properties. First,
stability. Let v € H!(K), then

1
| U‘Hl = Z |V¢7|K‘ /Uds
vy

YCOK

<C Z ll/vds
vl

YCOK

this operator is bounded with
CR -1
|5 0| o < C{hy ol + ol }
It also satisfies the commuting property with divergence, ie divaR = Ilydiv.

We want an approximation property of P,. Let v € H' and choose v, € V"™ (eg take the L2 projection of
v onto V;°°'¢), then

> Bl = onll + [0 = onlan } < Clofa.
kePy,
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Let v©F = TRy then
10 [ < 0| < C(R7H ol + [ollme) < CRT Yol < CBhllgn |2
To deal with the instability caused by the A~ factor, we construct a Fortin operator Hf V= VhCR by
Fy =TS (v — wy).
Stability goes as follows
050l < Jonlzr + [T (v = op) 11

< lonlm +C Y {hi Mo = vnlls + v — valm }
kePy

< |'Uh|H1 + C|’U|H1
< |v—wvplgr + (C+1)|v|g
S é|’U|H1

This operator also satisfies the commuting diagram property. Let g, € M}, then

/div(HFv)qh :/(divvh)qh—i-/ divITS (v — vp)qn = /(divvh)qh.
Q Q Q Q

Now we show inf-sup. Let g;, € M), be given. By Ladyzhenskaya, there exists v € H'(€)? such that

[ v, =llan
Q

and is a continuous right inverse with [[v||v < 5||gn|/ar. Choose vi® € VO such that v = TIj’v. Then

/ (divolR)gy = / (dVITE v) gy = / (@divo)an = llanls
Q Q Q

and

C
o5 Fllv = 5 vl 102 < Cllollm ) < g llanlla

hence
(divv,?R, qn)

||U}?RHV

We extract the general principle of Fortin’s lemma as follows.
Suppose b : V x M — R satisfies the inf-sup condition. Let IT¥" : V' — V}, be such that

o i) [[TFv|ly < Clvlly Yo eV
* i) b(ITF v, ) = b(v,qn) Van € My

B
> — .
> Zlianllas

Then the pair V}, x Mj, is inf-sup stable with constant C'5.
As proof, let q;, € M}, C M. Then by the continuous inf-sup condition, there exists v € V such taht

b(v,qn) = llanllars  0llv < Bllanlla
Choose v, = ITF'v C vj,. Then
b('Uh,,qh) = b(Hganh) = b(vvqh) = th”?\/[

and
lunllv = [T70||v < Clollv < CBllqnl|ar-

This technique is used to show stability for schemes for Stokes problems and leads to things like the Taylor-Hood
elements...
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Lecture 11 11/16

We now consider the finite element discretization of H (curl). Let Q@ C R? be a sufficiently smooth domain to justify
the following operations. Then define

H(cur; Q) = {v:Q = R% v,V xv € Ly(Q)%}

with the norm given by
ol carty = 1101122 + 1V x 0|22

Similar to H(div) we consider inter-element continuity in H (curl). Consider a plane that cuts the 3D domain and a
ball that is split into Q; U Q5 where F' = 9 N 9, is the boundary. Let 1) € Hg(B). Then

0= Yn X vds
OB

= / curl(yv)dz
Q

:/ curl(dw)-i—/ curl(yv)
o} Qs
= Yny X vlg, + / Yna X vlq,

o

/ Yny X vlg, + / Yng X v,

- /Fz/)[n xvldr Vi € HY(9).

This motivates the new notion of the jump [n x v] and this gives the condition under which continuity is preserved:
when tangential components of the vector fields are continuous. Hence if ¢ is sufficiently smooth, require [nxv]|p = 0
for all I, meaning tangential components are continuous in the sense that limits from the left and from the right are
equal (note that there are no point-wise evaluations).

We now want to show that n x v is well-defined as the above were formal manipulations when v € H (curl; §2).
By well-defined here, we mean in the distributional sense. We show the following lemma:

Let v € C°°()3 (this suggests that we will be making a density argument). Then

n X vds:/curl(wv) :/V@Z) X v+/ ¥ curlv
o0 Q Q Q

< ||V - [l + |]#]] - || curl v]|
< HwHHl : H/UHH(CurI)

by an application of Cauchy-Schwarz. Hence hte map is continuous for v € H (curl) and linearity is obvious.

We now consider the construction of finite element subspaces of H (curl; Q). Let Py, be a partitioning of 2 into
tetrahedra under the usual conditions (where things are non-degenerate, they share either a common face, or edge, or
vertex). Consider the following:

* H(div) has continuity on faces of normal components
* H(curl) has continuity on faces and edges for tangential components
« H'(Q) has continuity on faces, edges and vertices for all values

This short summary follows from previous discussions and serves as a motivating set of results for the following
discussion. We observe that as we move up the list from the bottom, we take away the lowest dimensional object
at each step (this can be thought of in terms of differential forms somehow). So, we need to define basis functions
with continuous tangential components on faces and edges. Choose degrees of freedom associated with tangential
components on edges. We expect 6 degrees of freedom since there are 6 edges and expect that dim P = 6,dim X = 6
for unisolvent X, P.
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We first consider a simpler case where d = 2 and
H(curl) = {v: Q = R? v € L*(Q)?}.

In particular, in 2D, v € H(curl) <= vt € H(div) and curl = V-(-)*,div = V- (-). From before, we know how to
discretize the space H (div) in 2D by RT. But this gives that v* are continuous normals while we want v continuous
tangential components. This motivates rotating 2D Raviart-Thomas elements to construct new basis functions. In
particular,

curl __ RT)J_

(fo'y - (Sp'y +

= TKI(‘% — Ty)

However, this line of reasoning will not generalize to 3D since those basis functions are vertex-based and we are
interested in edge-based formulations of basis functions. We claim that through barycentric coordinates Ay, A\, we can
express the basis functions for an edge y going left-right,

I = N(VA) T = A(VA)

This identity transforms from vertex-based to edge-based basis functions in terms of endpoints of edges. We take the
Whitney 1-forms, of which there are 6 in three dimensions:

0y =MV — AV

As a sidenote, the nice thing about barycentric coordinates is that they see all dimensions of subsimplices in the sense
that the barycentric property is maintained when going down dimensions of the subsimplices (ie true on tetrahedron,
true on a particular face, true on a particular edge, etc... but this is a general property of barycentric coordinates for
simplicial complexes).

Let zg, z1, 22, x3 define the vertices of a tetrahedron. We check tangential continuity of the form

wo1 = AV — A1V g

We consider the tangential component of g1 on the face Fiyog = A(xq, 2, x3). Then VAq|g,,, is proportional to the
normal of the face and in particular we have

¥o1 |F023 = AV |F023 :

Hence ; has vanishing tangential components on Fjy23. A symmetrical observation gives the same vanishing tangen-
tial component property on F53. Additionally, we have a vanishing tangent on all edges except for the edge [z, 1].
Hence we obtain

/ ty - pyds =0 Yy #4.
’Y,
Now consider that for the corresponding tangential component, we have

by oy = —t,y()\rV/\g = )\(V)\,«)

1 1
=X — 4+ A\ —
ol ol
Lo+ 0
= 77— (¢ r)-.
ol

As such

1
t-gods:/—ds:l
LW ! el

so we obtain the unisolvence property again and inparticular we have linear independence of the proposed basis
functions and in particular dim > = 6 and in particular

/ t,y/ . QO,de = 5,),7/.
’Y,

So we have shown that
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* {4} are linearly independent
e dimP =6

* {¢,} are unisolvent with respect to

E:{vw/tw-vds,veg}
Y

Taken in combination, the above implies that the triple (Tet, X, P) forms a finite element. These are actually called
Nedelec elements.
As an interlude, consider a tetrahedron in the simplex configuration. Then A\; = x, Ay = y and

0 1 —y
Y12 = )\1V)\2 — )\QV)\l =x|1| — Yy 0] = T
0 0 0

Then z - ¢, € IP; for all v if and only if ¢, = P§ + “Rotation of x”. And in particular, this means that
P =P34+ 2 x P3 = ND,.

This yields the following formal definition of a Nedelec element. Let /' = Tet, P be as above and

E:{v%/ty-vds,fyeé’}
v

Myv = Z wv/tv-vds
YEEK v

We now define a Nedelec interpolant by

on K for sufficiently smooth v. Note that

/tW-HNvds:/t7~vds Vyef&.
g g

This gives us part of a commutative square. But we are missing the bottom-left term. To investigate this, let w € H?!
be sufficiently smooth so that

ygradw = Z ©ry / i - gradwds

yeE v

<> oy (wlzy) —w(xy))
yeE

=D (VA = A V) (wy — wp).
L<r

The coefficient for wy comes from considering the edges (0, 1), (0,2), (0, 3). In particular after some algebra we get
that the coefficient of wq is V \g. Hence

Iy gradw = V(wgAo + w1 A1 + we Ay + wsAs) = grad(Ilw)

where II is the interpolation operator. As such we get the following de Rham complex that is known as the Whitney
complex in the literature:

HYK) —Y H(curl) 5 H(div) —Y— L2

Jn e fpe |

P, (K) T NDg RTy Po(K)

Vv x V-
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In particular, we have the property that
VX(HNv):ZaAYngow; avz/t,fgoﬂ,ds
ye€ v

and moreover

V X 0y =V X AnVAn — AnVAn)
= 2VAm X VA,

1
= — — =(0,¢
3|K‘(I€ JC0) v ( ’ )
Hence
1
no-ngoW:mnm(xg—xo)
1
= —dist F
3‘K| 1S (LL'(), 0)
_ 1
|Fol’
It follows that ) .
. II = — t-vds = — d
ng - V x (IIxv)| g, ol Jon, vds A Fonxvas
and so

/Fono.Vx(HNvﬂFO:/ n-(V x )

Fy

So V x (IIyv) € P3 has the same normal components as V X v.

Lecture 12 11/30

This is the final lecture of the course that introduces new material, whereas the true last lecture of the semester is by
Charlie Parker, a recently-graduated PhD from Brown.
Recall that we have constructed an exact sequence for Q C R3:

HYK) —Y— H(curl) — H(div) —— L2

Jn [ T

Py (K) ?} NDO RTO ]P()(K)

Vv x V.

Here, the bases are given by {1, z,y, z} corresponding to interpolation over vertices in a mesh, {a + b x x} corre-
sponding to interpolation of tangential components of edges in a mesh, {a + bx} corresponding to interpolation of
normal components on faces, and finally {1} corresponding to averages over the interior of elements in the mesh. We
have also shown the following inequalities for the above interpolation operations:

[u— Tl < Chllully,  lu = Dxulln < Ch{lJull + [leurlull}, [l — ezl < Ch{llull + [|dival] .}

respecitvely.
We now apply this to a magnetostatics problem. We seek (u,p) € V' x M such that

(VXu,Vxv)+ (v,Vp) = (J,v)
(u, Vg) =0
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for all (v,q) € V x M where J € L? is the current density, though it could be given in the dual space H ~!(curl).
Here, we have the essential condition given in the definition of the two spaces:

V={veH(wl;Q):nxv=0 ondQ}
M = Hy(9)
Correspondingly, we choose the discrete spaces
Vi ={veV:vlg e NDy(K) VK € P}
Mh = {q S H& : Q|K S Pl(K) VK € P}L}
We show stability of the associated discrete scheme. Let ¢;, € M, be given and choose v;, = grad q;, € V},. Then

(vn,gradgn) _ [lgradgnl[* _ |[gradgs|

thHH(curl) B ||gradqh”H(curl) B ||gfathH

= || grad qn|| = |lqnl|m

The above immediately gives inf-sup stability and the discrete inf-sup constant is the same as the constant for the
continuous inf-sup condition. To show ellipticity on the kernel, let v, € V,0 which means v;, € V}, and (vp,, grad q5) =
0 for all g, € M},. We require the estimate

lonl] < Cuml|V x vg]|

but this is the discrete Friedrichs inequality. This inequality is sometimes also proven via Bodovski operators. Note
that V x v, = 0 <= v, = gradqy, <= v = 0. This gives that

1
a(vn, vn) = ||V x vp* 2 IV < vn|1* + [lonl[*) =

S |lvn |7
v .
“1+Cu 14 Cyy ' H (curl)

Thus, Brezzis’ theorem applies and we have the inequality
lu = unllo +[lp = pallar < C{llu —Tyullv} < Ch{|lul[gr + [V X ul[g1}-

The second application is to stable mixed methods in incompressible flows. There’s a discussion to be had about
dimension counting, but we try something called the Taylor-Hood element which is a Py x Py — P{7 element, where
Vi, =Py x Py and M), = IP’lcTS which has dim V, = 10, dim M}, = 4. This element was shown to be stable in 2013.
The main issue is of showing inf-sup stability. In particular, that for all p;, € M}, there exists vy, € V}, such that

(divoy, pp)

> Blpnllm
|lon|l1

where 8 > 0 is independent of h. We try to construct a Fortin operator (which had been previously used for CR). Let
¥ =119 4 TTH (I — T1°) where IT¥ : V — V/, is the Ladyzhenskaya velocity that satisfies

o () ||HHv||gr < C|Jv||gn forallv € HE x HE

* (2) has the commuting property (divII¥, pr) = (divo, pp,) for all pp, € Mj. This is equivalent, by integration
by parts, to (I v, grad ps,) = (v, grad py,) for all p;, € Mj,. But this requires continuous pressrues for this

To get this, we use edge degrees of freedom in V}, to construct the Fortin operator. In particular let

oy = Z cy Bty

where c., are constants to be determined, 5, = A¢\, are edge bubbles, and ¢, are tangents on edges. Choose {c, : £1}
are on interior edges and
(" v, grad py,) = (v, gradps) Vpu € My,

which gives a rectangular linear system in c,. Consider grad M}, ~ grad py. Let wy, € grad M}, be such that

° wh|K€P0X]P)0
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* Vth|K:0
 [lt-wal]ly =0

Which motivates the choice of Nedelec elmeents, which is an interesting choice because this means we should be
thinking of grad q; not as the gradient of piecewise linear functions, but simply as an element of a subspace of
H (curl). In particular grad M} C W) where W}, are Nedelec elements and is given by W, = span{p, : v € £}
where ¢, is a Nedelec basis function. It suffices to show that grad A,, € W}, for all n € N. Consider a single triangle
and without loss of generality, let \,, = x3. Thus ¢; — @9 = --- = grad A3 on K and similarly for other elements, so
grad A3 € W), But this also means that dim W}, is the number of element edges when we wanted this dimension to
equal the number of internal element edges on the mesh.

This means we need to reduce the space W}, such that dim W}, = |€;|. To do this, define W, = span{ @z, ¢3}
where ¢2 = o — 1 and P3 = 3 — 1. Observe that VA, = @1 — p3. We have that Wh, C W), and is reduced such
that grad M), C Wh with dim Wh = &7, but this second condition holds provided that no element has more than one
eedge on 0f2.

We now go back to the construction of the Fortin operator [I7v = Y~ ¢yt By such that

YEES
(HHv,wh) = (v,wp) Ywp € Wi,

which now results in a square system of equations. We demonstrate solvability using BBN theory. ie it remains to
show that the inf-sup condition holds for the discrete problem Choosing wy, = yeg; CvP we get modified Nedele
elements and in particular it can be shown that

(T v, wy) > 3710 STIED .

This gives that the associated matrix is invertible and that there exists a C' > 0 such that

Il <o SRS

kepP
funlP <€ 3

Then supposing that the mesh is quasi-uniform, we have |K| ~ h? and in particular that
7> < Ch*) 2
] < C Y

This is in essence a 2013 theorem by Winther, Mardal, and Schobert in Numerische Mathematik: there exists an
operator IT7 such that

[0 < Ofv]|
o (divIT® v, q) = (divv, qp,) for all ¢, € M,

The corollary to this is that the Taylor-Hood element is inf-sup stable if and only if no element has more than one edge
on 0f).



